We study the backreaction of a thermal field in a weak gravitational background depicting the far-field limit of a black hole enclosed in a box by the closed time path (CTP) effective action and the influence functional method. We derive the noise and dissipation kernels of this system in terms of quantities in quasiequilibrium , and formally prove the existence of a fluctuation-di ssipation relation (FDR) at all temperatures between the quantum fluctuations of the thermal radiance and the dissipation of the gravitational field. This dynamical selfconsistent interplay between the quantum field and the classical spacetime is, we believe, the correct way to treat backreaction problems. To emphasize this point we derive an Einstein±Langevin equation which describes the nonequilibrium dynamics of the gravitational perturbations under the influence of the thermal field. We show the connection between our method and the linear response theory (LRT), and indicate how the functional method can provide more accurate results than prior derivations of FDRs via LRT in the test-field, static conditions. This method is in principle useful for treating fully nonequilibrium cases such as backreaction in black hole collapse.
INTRODUCTION
In a recent essay [1] one of us outlined the program of black hole fluctuations and backreaction we are pursuing using stochastic semiclassical gravity [2] theory based on the Schwinger ±Keldysh effective action [3] and the Feynman ±Vernon influence functional [4] methods. We mentioned prior works for static, quasistatic, and dynamic black hole spacetimes and commented on how to improve on their shortcomings. In this paper, following the cues suggested in that essay, we discuss first the static case of a Schwarzschild black hole, with a further simplification of taking the far-field limit, and derive the fluctuation-dissipation relation (FDR) [5] under these conditions. In our view (following Sciama' s [6] hints) the FDR embodies the backreaction of Hawking radiance [7] . In a recent work [8] we treated a relativistic thermal plasma in a weak gravitational field. Since the far-field limit of a Schwarzschild metric is just the perturbed Minkowski spacetime, the results there are useful for our present problem. The more complicated case of near-horizon limit is also doable by calculating the fluctuations of the energy-momentum tensor for the quantum field (with the help of, e.g., the Page approximation [9] ). Derivation of the dissipation and noise kernels for a static black hole in a cavity is currently under investigation [10, 11].
Fluctuation and Backreaction in Static Black Holes
We recapitulate what was said before [1] on the state of the art for problems in this case. Backreaction in this context usually refers to seeking a consistent solution of the semiclassical Einstein equation for the geometry of a black hole in equilibrium with its Hawking radiation (enclosed in a box to ensure relative stability). Much effort in the last 15 years has been devoted to finding a regularized energy-momentum for the backreaction calculation. Since the quantum field in such problems is assumed to be in a Hartle± Hawking state, concepts and techniques from thermal field theory are useful. Hartle and Hawking [17] and Gibbons and Perry [18] used the periodicity condition of the Green function on the Euclidean section to give a simple derivation of the Hawking temperature for a Schwarzschild black hole. The most relevant work to our present problem is that by Mottola [19] , who showed that in some generalized Hartle±Hawking states a FDR exists between the expectation values of the commutator and anticommutator of the energymomentum tensor. This FDR has a form familiar in linear response theory [20] :
where N and D are the anticommutator and commutator functions of the energy-momentum tensor, respectively (D Ä is the temporal Fourier transform of D). That is,
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